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Abstract 

The free quantum states of topologically massive electrodynamics and gravity in 
2+1 dimensions, are explicitly found. It is shown that in both theories the states 
are described by infrared-regular polarization tensors containing a regularization phase 
which depends on the spin. This is done by explicitly realizing the quantum algebra on 
a functional Hilbert space and by finding the Wightman function to define the scalar 
product on such a Hilbert space. The physical properties of the states are analyzed 
defining creation and annihilation operators. 

For both theories, a canonical and covariant quantization procedure is developed. 
The higher order derivatives in the gravitational lagrangian are treated by means of a 
preliminary Dirac procedure. 

The closure of the Poincare algebra is guaranteed by the infrared-finiteness of the 
states which is related to the spin of the excitations through the regularization phase. 
Such a phase may have interesting physical consequences. 



1 Introduction 

The topological mass arising from the Chern-Simons term in 2+1-dimensional topolog- 
ically massive gauge theories jj], |], provides, at the quantum level, an infrared cut-off 
which seems to cure the infrared problem without disturbing the ultraviolet or gauge prop- 
erties of these theories. However, as it was recognized already in the seminal work by Deser, 
Jackiw and Templeton Q, a few delicate points, concerning the infrared behavior of these 
theories, need a careful treatment. In particular the closure of the Poincare algebra, seems 
to be subordinate to a particular definition of the phase of the field operators Q. 

In this paper we shall perform a careful analytical derivation of the free quantum states 
of topologically massive planar theories devoting particular attention to the treatment of 
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the infrared ambiguities. The exact knowledge of the states of these theories leads to that of 
the polarization tensors. For electrodynamics, the states are known but infrared- ambiguous 
p|, whereas for gravity, they have yet not been studied. We shall show that in both theories 
the states are described by infrared regular polarization tensors containing a regularization 
phase which depends on the spin. Such a phase was first introduced in Ref.||]. 

For electrodynamics, an infrared modification of the polarization vector of physical pho- 
tons leads to interesting consequences in phenomenological applications of the interacting 
theory with fermionic matter. In particular, the correct form of the polarization vector 
might help in proving the conjectured existence of fermion-photon bound-states ||. In the 
gravitational case, the calculation of the polarization tensor of physical gravitons might be 
considered as a first step for the understanding of some questions arising, at the quantum 
level, in the relation between the first and second order formulations of the theory Q. 

In the following we shall use a general procedure |7|, |8| to construct the Hilbert space of 
the physical states and its scalar product. The latter is defined in terms of the pertinent 
two-points Wightman function which we shall explicitly compute for both topologically 
massive electrodynamics and gravity. Such a procedure has been succesfully used also in 
constructing Fock spaces with generalized statistics Q. 

We shall perform a canonical analysis keeping into account both the constraints related 
to gauge invariance and those, arising in the gravitational case, due to the higher order 
derivatives of the lagrangian. In order to work always with well defined quantities one 
needs a careful definition of the action of the operators on the quantum states; this is 
achieved by introducing a suitable set of test functions. 

We analyse topologically massive electrodynamics and gravity simultaneously, taking as 
lagrangians 

Celec= - \f^F^ + ^Pd^Ap , (1) 

C GRAV = ^R+±-£^Tf> Xa (d^% p + V^I^p) • (2) 

In Section 2 we shall define the canonical variables and brackets in electrodynamics and 
linearized gravity, using in both cases a covariant gauge choice, Lorentz and Landau respec- 
tively. For linearized gravity a preliminary Dirac procedure is needed. This allows us to 
find the canonical brackets that are consistent with the second class constraints introduced 
when enlarging the configuration space to the time derivatives of some components of the 
metric [1C]. 

In Section 3 we shall derive the two-points Wightman functions by solving the Cauchy 
problem arising from the equations of motion and the equal-time commutators. For lin- 
earized gravity the derivation turns out to be quite difficult since it involves a third order 
Cauchy problem. Nevertheless, for both theories, the explicit solution of the Cauchy prob- 
lem is provided. 

In Section 4 we construct the Hilbert space of the physical states deriving the expression 
for the one-particle states. The polarization tensors constructed in this section are well 
defined in the infrared. As a consequence, the states we exhibit are the only possible states 
allowing for the weak closure of the Poincare algebra. 

In Section 5 we analyse the physical properties of the quantum states, their mass and 
spin. To achieve this result we perform a normal mode expansion obtained in terms of the 
Wightman function. 

Section 6 is devoted to some concluding remarks. 
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2 Canonical brackets 



Let us start by introducing the canonical variables and by finding the canonical brack- 
ets of topologically massive electrodynamics and linearized gravity. We choose, in the 
framework of an indefinite metric Fock space, covariant gauges to maintain explicit Lorentz 
invar iance. 

2.1 Electrodynamics 

The gauge-fixed lagrangian is, in the Lorentz gauge d^A^ 1 = 0, 



leading to the equations of motion 

OA 1 * + (£ - 1) &*%A V + fj£^ p d v A p = . (4) 

The lagrangian (9) is regular, i.e. det (d 2 L/d (d°A fl ) d(d°A u )) / 0, and the canonical 
momentum 

can be uniquely inverted to obtain the velocities. The hamiltonian version of the theory is 
constructed in the usual way; the only non-vanishing canonical Poisson bracket is 

{A* (x , t) , tt v (y, t)} = V ^5 2 (x - y) . (6) 

The energy-momentum and angular-momentum tensors have the usual form 

T »v = nMaTAp - rf v C , (7) 

M anu = x n T au _ + ^(a) A T , (8) 

where 

d(d,A p ) ' W 

and 

(s^) pr = - (io) 

is the spin matrix of the field A p . 

The quantum version of the theory is obtained using the correspondence principle 

{A,B}^-i[A,B] (11) 

and defining the physical states as the ones destroyed by the annihilation part of d ■ A 

(d^y^f) = o . (12) 
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2.2 Gravity 



To perform a canonical analysis of the topologically massive gravity we consider its 
linearized version, g^ v = rj^ u + kh^ v , with the Minkowski signature diag (rjuu) = (+, — > —)■ 
The linearized lagrangian is invariant under the abelian gauge transformations 



Sh 



To fix the gauge we then select the Landau gauge d^h^ 

a 



(13) 

0. The linearized lagrangian is 



C 



\ [(9pV) 



2C 



(14) 



Since ( H ) contains second order derivatives, the equations of motion are third order 

{□^ + d^d u h + (f - 1) {d v d a h a » + d^d a h au ) - rf v (ah - d a dph a P 
1 



2/i 



(15) 



. 



In general the order of the equations of motion should be twice that of the lagrangian; the 
fact that this does not occur here is a first evidence of the constrained nature of this theory. 
In fact, the lagrangian is singular, i.e. det (d 2 £/d (d°d°A^) d (d°d°A u )) = 0. In Eq. (|i~4|) 
all the dependence from the second order derivatives lies in the Chern-Simons lagrangian, 
whose only non- vanishing terms are 

, 2 



as 



—f (f) k h i0 



4/i 



(d°) V • 



(16) 



Therefore, only the space-space components of W have higher order dynamics. 

To extend the hamiltonian formulation to this case, one needs to decouple the second 
order time-derivatives, so that the dynamics becomes first order in time. This is done by 
defining an additional canonical variable for the time-derivative of each variable having 
higher order dynamics. One can then extend the definition of the canonical momentum so 
that the formal structure of the canonical Legendre transformation is maintained |1C]. This 
procedure has been applied to topologically massive gravity in Ref. [11, 12], whereas the 
canonical formulation of the full nonlinear theory has been analyzed in Ref. [13|. 

At variance with Ref. [12], it is clear from (|l~6|) that it suffices to take as independent 
canonical variables W" and k 13 = d°h %3 , together with their respective conjugate momenta, 
defined as 

8C dC _ dC 

2d n „ ,„ „ . r+A) Q , Q 5 T_ \ , (17) 



7T 



d(d h 



fiu I 



a 'J 



dC 



d (d d h 



flV J 



didodohij) ■ (18) 

In terms of the above variables, everything works essentially as usual, except for the fact 
that the phase space has been extended. In particular, the only non-vanishing canonical 
Poisson brackets are 



{h^ (x, t) , vr^ (y, t)} = \ (rTrf + ^V") ^ (* " V) , 



(19) 
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{*« (x , t) , s mn (y, t)} = \ {rf m rf n + rf n rf m ) 6 2 (x - y) , 
and the energy-momentum and angular-momentum tensors become 

T^ u = Tx< 1T ^d v h pT + s lj ^d u k ij - rf v C , 

where 

/;/■* 

2d„ . . + O 



7T 



jti/(a) 



a/: 

(5 Q /t 



p d(d p d a h iiv ) 

dC 

didadohij) 



dC 

' d(dod a h 



p,v J 



and 



^Vj/«;0A^ 



pTClfi 



ija[3 



rfPrf^rfP + v ^ v ^rj pa + (a «-> /3) - (// «-> i/) 



are the spin matrices of the fields /t^ and fc*- 7 . 

A straightforward calculation gives for the canonical momenta 



7T 



00 



AO 



(20) 

(21) 
(22) 

(23) 
(24) 

(25) 
(26) 



(27) 



7T 



Oz 



8/i 



^o^ 0i + (£ - 1) a 7 -/* , ' i + s^fcl - ^«?mn [dT'&hP* 1 - d m k ir ' 

4/i 



7T 



-- [k ij -r) ij k l i + V ij dkh k0 
1 

8/1 



£ fe -? (25 fc fci - 29 i d h k0 - 2d k d h i0 



1 

"8/1 



V (k kt - d l h kQ ) j) 
From the trace of Eq. (1291) and Eq. (pQ), follow the constraints 



A = tt', - -k l i + d k h k0 + J-S ki d%h kl 



1 

4^ 



, 



ij = a + J_ 

8/i 



(28) 



(29) 



(30) 



(31) 



(32) 



This shows that the lagrangian remains singular even after the gauge-fixing. This is due to 



the fact that the constraints (pip, (32), are not related to the gauge invariance (13), but to 
the enlargement of the phase space produced by the introduction of the new variables kij. 
These constraints are in fact second class. The canonical Poisson brackets are incompatible 
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with these constraints []. With this type of constraints we found more convenient to apply 



the Dirac procedure [14|, |i~5| , instead of the quicker method proposed in Ref. [16]. 
We have the four constraints 



W = o 11 , <p® = O 22 , = O 12 , tpW = A . 



(33) 



No secondary constraints are produced by the dynamical compatibility condition; thus, the 
complete set of constraints to deal with is given only by Eq. ( |33"|) . The matrix of the Poisson 
brackets of these constraints 

M^(x,y,t) = {<pW(x,t),<p®(y,t)} 
( 



1 


-1 


\ 


2^ 




1 








-1 






















/ 



<5 2 (x - y) 






1 1 

~2/x 2/1 

V i i 

is non-singular. 

The Dirac brackets, defined by 

{A(x,t),B(y,t)}* = 
= {A(x,t),B(y,t)} 

d 2 zj d 2 w {A (x, t) , (z, t) } M^ [b] (z, w, t) [p® (w, t) , B (y, t) } 
can be computed. After a lengthy but straightforward computation, we obtain 
{kv (x, t) , k mn (y, t)}* = | [r"V n + (» <- 3) + (m <- n)] 5 2 (x - y) , 

{h« (£, t) , (y, *)}* = rf^ 2 (x - y) , 
{^ 0i (x, t) , ^ (y, t)}* = -±-S^d k d k 5 2 (x - y) , 

{7r 0k (x, t) , 7T mn (y, t)}* = ^£ ih (£ mj d n + £ nj d m ) did 3 5 2 (x-y) , 



S im rf n + j) + {m^n) 5 2 (x - y) 



{TT 0k {x, t) , s mn (y, t)Y = (S km d n + £ kn d m + r) mn £ k id 3 ) 5 2 (x - y) 
{ V 4 " (*, t) , tt« (y, t)}* = l {frf* + ^V*) 8 2 (x - y) , 



(34) 



(35) 



(36) 

(37) 
(38) 

(39) 

(40) 

(41) 

(42) 



x The meaning of the weak equivalence sign w appearing in the constraints is to remember that they are 
incompatible with the canonical Poisson brackets. 



6 



(x , t) , vr ofc (y, t)}* = ^8 km d m 5 2 (x - y) , (43) 

{h^(x,t),7r^(y,t)Y = ^(ri^ + V ^°)5 2 (x-y) , (44) 

[k ij (x, t) , s mn (y, t)}* = ~ (y"V n + rfV™ - r f j rf nn ) «5 2 (s - y) , (45) 

{fc* (£, t) , vr ' 1 (jf, t) }* = i (77^' + rjW'fl* + 37^' 0") <5 2 (x - y) , (46) 

(x, t) , ir mn (y, t)}* = ~^n ij (£ km d n + £ kn d m ) d k 5 2 (x - y) . (47) 

All the other brackets vanish. 

The quantum theory is defined using the generalized correspondence principle 

{A,B}* -> -i [A,B] (48) 

and defining the physical states as the ones satisfying 

(fyfcTI*/) = . (49) 

3 Two-points functions 

We are particularly interested in the Wightman function, since this is the two point 
function that enters in the definition of the scalar product of the physical Hilbert space. 
In terms of the Wightman function W^'^' (x — y) f] the classical Pauli-Jordan function 
A WO') (x-y), giving the canonical brackets among the canonical variables, is expressed as 

A«(i) (x-y) = -i (wWG) {x-y) - W m) (y - x)) , (50) 

while the propagator is given by 

SWC?) ( s _ y ) = e (x - y ) W {i){j) {x-y) + 6 (y - x ) W m) {y - x) . (51) 

3.1 Electrodynamics 

Consider the covariant Poisson bracket of two fields 

A^(x-y) = {A»(x),A»(y)} . (52) 

By definition, the A function is a solution of the second order equations of motion 

□A"" (z) + (£ - 1) d^d a A ay {z) + p£^d a Ilp v (z) = . (53) 

The boundary conditions necessary for the uniqueness of the solution stem from the canoni- 
cal Poisson brackets; the equal-time Poisson brackets correspond to the zero-time conditions 
for the A function 

A^ (z, 0) = , (54) 

2 Henceforth, we shall use simplified notations. We indicate with (i) the set of all indices needed to 
describe the theory; for electrodynamics, (fy-^ = and jjWW — anc ] f or gravity, = W and 
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(55) 



a A"" (z, o) = (V 7 + ^pVV ) s 2 (z) . 

The A function is then the unique solution of the second order Cauchy problem (|53|), (|5J 
and (|55"|). Because of Lorentz covariance and of the symmetry properties of the Poisson 
brackets, the most general form allowed for the A function is 

£ST (z) = rTfx (z) + £^ p d p f 2 (z) + d^f 3 (z) , (56) 

where f\, fa and fa are scalar functions. Inserting ( ^6|) into the Cauchy problem (|53|) - (|55|), 
one finds for the Wightman function 



W" u (p) = 2tt9 (p ) [s (p 2 ) M(°) q/3 (p) + J (p 2 - p 2 ) M^ Q/3 (p) 



with 



1 1 1 

[i 2 1p- 



Pp- I 72 ) P P 



(p) = - (V - ^-C- 



/i 



(57) 

(58) 
(59) 



The propagator reads 

(p) 

with 

3.2 Gravity 



p 2 + ie 



1 

£ p 2 + ie 



p 2 — /U 2 + ie 



+ i- 



p 2 + ie 



gpyp p 



plJ.pi> 
p 2 + ie 



(60) 



(61) 



For gravity one can proceed in the same way introducing the Pauli-Jordan function in 
terms of the covariant Dirac bracket 



A^(x-y) = {h^(x),h a/3 (y)Y . 



(62) 



By definition, the A function is a solution of the equations of motion, which are in this case 
third order 



| QA M^/3 ( z ) + QPQv^P^ _ (nAP p a ? ( Z ) - d p d T AP Tal3 (i 
+ (£ - 1) (dTdpAw*! 3 (z) + d^dpAP^ (z) 



1 

271 



£PP T d p [nA T ua P (z) - d v d x A x T a P (z)j + £ u P T d p mA^ (z) - dPd x A x T a ' 3 (z) 
. 



(63) 

The boundary conditions necessary to define the Cauchy problem arise from the canonical 
equal-time Dirac brackets. They read 



A^(z,0) =0 , 



(64) 
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9 A ii0 M ^ o) = , 



2 



(5°) 2 A ij '°" (z, 0) = i (V^' + + 6^>) 5 2 (i*) , 
(a°) 2 A 000 ^(z,0) = -I^ 2 (i*) , 

(a°) 2 A 0i03 '(^o) = . 



(65) 
(66) 

(67) 
(68) 

(69) 
(70) 
(71) 



The A function is the unique solution of the third order Cauchy problem (63) - (|7l|). To 
determine A explicitly we can take again advantage of the Lorentz covariance and the 
symmetry properties of the Dirac brackets to write the general form 

A tiuaf3 ^ = Tfjf&fo ( z ) + Li^rfP + rfPjf™} f 2 (z) 

+ [rf^S"?" + {ii^v) + {a^ 13)] 8 a f 3 (z) 

+ (ifdPdP + rf&dfff'} f 4 (z) ^ 

+ \^d v d p + (p, <-> v) + (a <-► 0)1 f s (z) 

+ \?m°QvQP + ^ j,) + ( a ^ pj\ da f 6 ( z ) 

+ d»d u d a dPf 7 (z) , 

where fi - ff are scalar functions. Inserting Eq. ( |72|) in the equations defining the Cauchy 
problem for A, we get, after a hard algebraic work, the Wightman function 



with 



W» uaP (p) = 2it8 (po) [6 {f) M^ uaf3 (p) +5(f- //) M^ vaP (p) 



(73) 



2^ 



Pa 



+ 



jjfiagvPa + fa + ( a «_> ft 

I 2 \ 

— + — J (rf v p x jp + fVpj 

^fiapVpP _|_ ^ ^ ^ _|_ ^ a ^ ^ 



l £-1 l 



6 ^ 



(74) 



+ 



1 1 

2// V/^ 2 P 2 
1 1 



gHWpVpP + fa j,) + ( a 



3 1 i 

I pf^ pP 
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+ 



fia 



1^ 



aj' 



I 1 



+ (// «-> i/) + (a «-> /3) 



(75) 



Pa 



The propagator follows using Eq. (|5l| ) 

i 



+ ie 



| _|_ pfiPpua^ _ 2P^ U P 



■a/3 



+ - 



1 



f„/3 



? 2 , 



p 2 — fi 2 + 



+ (/x «-► v) + (a «-► ff) 

pfiv pa/3 ^pfia pu(3 _j_ p/iapu/3 



+ 



3 pt 1 p u p a pl 3 
1{p 2 + 



ic 



^ M Po" / g^acr p(3v _|_ gvaa p(3fi _|_ g^iftcr pav _|_ gv/3<r pa/i 

1 p 1 ■ i< v 



with, as before, 



4 Quantum states 



p»p v 

p 2 + ie 



(76) 
(77) 



We are now able to construct the physical Hilbert space which explicitly realizes the 
operator algebras defined by Eqs.(^) and (36) - (f47|). This is done by defining the action of 
the field operators on a suitable space of states |. 

Consider the vectorial space TL = {|3>)} of the sequences 



|$) = {0o, 4^ (p x ) , 4^ 2) ( M ) , 0(fi)-O*») (p 1} ..., Pn ) , ...} , 



(78) 



where (p^" 1 ^'"^"^ (pi , ...,p n ) G S (i? 3n ) is a completely symmetric tensor with respect to the 
exchange {m,Pi) <-» (fJ<j,Pj)- 

The space W so defined is the Fock space, and the function ( Pl , ... ,p n ) is the 

n-particles component of the generic state; the scalar product is defined in terms of the 



The set of all regular functions denned in O is indicated with 5* (O). The mass-shell is called and 



the corresponding integration measure is 

~m d 2 p 



y/ZpoQ (po) S (p 2 - fi 2 ) 
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Wightman function as Q 

(Ppi f d 3 p n 



($1 *> = E 



fS) J (2tt) 3 "'J (27T)' 5 

Cl) (Mn) ^' ••'^ ) ^Vl) (Pi) -^ (Mrl) K) (Pn) (Pi, -,Pn) , 

(79) 

V|$), I 1 ! 7 ) £ 7i . Because of the hermiticity of the Fourier transform of the Wightman 
function, the scalar product has the essential property ($| ^) = {^\ $)*, V|<J>), |^) G 
but, as we shall see, is in general not positive-defined. 

The action of the field operators in the space of the states can be defined using test 
functions. 

From the positive and negative frequency parts of the field operators cfy^' (x) = <p + ^ (x)+ 
one can define the smeared operators 

(80) 



</>±« [<p] = J (fx^® (x) <p (x) = (V ±W , if) . 
These operators have the following action on the vectors of TL 



1 «, 

n m =l 



(81) 



0-W [<p] |<J>) 



(ah)...(/2„) 



Vn + l 



d 3 p 



(Pi, -,Pn) = 

W® U) (p) tf,^"'^ (p, Pl , ..., Pn ) (p (-p) 



(82) 



(2vr) 3 

By continuity, from Eqs. (|8l"|), (^), one can obtain the action of the unsmeared operators 
0±W ( x ). this i s U g Ua lly achieved by replacing the test functions with Dirac 5- functions, 
obtaining 



" m=l 



^(W)— (/*m-l)(Mm+l)-W 
2^ <Pn-l 



(pi, ...,p m _i,p m+ i, ...,p n )r) 



(*)(Mm) 



(83) 



(x) |$) 
= Vn + l 



d 3 p 
(2^ 



Ol,...,Pn) = 



(84) 



-ipx 



With the help of these definitions, one can easily see that the field operators satisfy the 
equations of motion and the covariant commutation relations 



</> W [<p] , </> (j) Ml =i d 3 x d 3 W (x) A« ^ (x-y)x (y) . 



For the unsmeared operators, Eq. ( |85|) implies 

W (x) , c/> (j) (y)l = iA«^(x-y) . 



(85) 



(86) 
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Among the states contained in 7i the physical states are those having non-vanishing 
norm, <3>y) ^ 0, and satisfying the condition G~ \<&f) = Q From the definition of the 
scalar product ([79]) one can conclude that the physical degrees of freedom of the theory can 
be associated with those eigenvectors of the Wightman function giving a non-vanishing and 
positive contribution to the norm and satisfying the gauge condition. 



4.1 Electrodynamics 

Consider a one-particle state. Since the Wightman function has domain U V^, such 
a state can be written as 



I* 



.> = {0,^)(p) + ^)(p), 0,0,0,...} 



with 



(p)eS(v+) , c/>f fl) (p)eS(v+) . (87) 
Its norm is given by 



(88) 



/2^o 

From the gauge condition (d^A^ (x))~ = 0, we have 

p a 0f o) (p) = . (89) 

From ( p9| ) [], one can see that the massless part <ff^ (p) of the state does not contribute to 
the norm (p8|) , and, consequently, it is unphysical. 

The massive part of the state appears in ( |88| ) only through a projector pj$ according 



to 

<*!| *!> = -2 J dp"^j=f^ (p) (p) ^ (p) , , c,o) 

with 



2vr^2^o 



(p) = I + ^£ a/3p ^ , (91) 

Pg) (p) P^ (p) = P# (p) , P$ (p) = Pff (p) . (92) 

We can then conclude that the physical states have mass \fi\ and polarization given by the 
eigenvector of the projector pj$ (p), with non vanishing eigenvalue. 

4 For electrodynamics, 

G = d^A" , 

while for gravity, 

G = . 

5 and using 

0(0) (P) £ Q/ 3 P p P 0f o) (p) = (0(0) (p) 0(0) (p) - 0(0) (?) 0(0) (P)) 



12 



Solving explicitly the eigenvalue problem for the projector (91), one obtains 



/" (P) 



2p? (p§ _ ^2) 



2 n 1 
ifip — p u p 



\ —ipp 1 — p°p 2 I 



with the normalization 



r (p)/«(p) 



i . 



(93) 



(94) 



The phase factor /3 (p) has an important role and is not completely arbitrary. As a matter of 
fact the infrared behavior of the eigenvector depends upon the choice of the phase. Taking 
the infrared limit, we have 



/ o \ 



/ " (0) = ,^o71 



i(0{p)-»6{p)) 



(95) 



V ImI / 



with 



9 (p) = arctan 



Since 9 (p) is not defined in the origin, one must take 



(96) 



(97) 



In (97) 7 (p) is an arbitrary but infrared regular phase factor, which can be chosen to vanish. 
The final result for the polarization vector then is 



f(p) 



V V (p§ - m 2 ) 



/ M 2 - Po 

2 n i 
i fip — p u p 



\ —ipp 1 — p°p 2 ) 



e ImI ^' 



(98) 



The polarization vector (|98|) satisfies 

p^ v (p)r(p)= r(p) , 

p»F (?) = o , 



(99) 
(100) 
(101) 



Eqs. ( p9[ ) - (101) are very useful in computing the generators of the Poincare group. One 
verifies that the contribution of the eigenvector (^) to the norm is positive. 

The phase in (p8|) was first introduced in Ref.|| as a regularization of the field operators. 
In our approach it appears directly in the definition of the physical states. 

In conclusion, the normalized physical one-particle states of topologically massive elec- 
trodynamics are 

|$,i> ={0,27iywa(p)/ a (p), 0,0,0,...} . (102) 

Here a(p) is an arbitrary scalar function defined on and such that / d 2 p\a (p)\ 2 = 1. 
a(p) plays the role of the one-particle wave function. 
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4.2 Gravity 

The construction of the one-particle state for the gravitational case is very similar to 
that of the electrodynamics. Since the Wightman function has domain given by U Vj~, 
this state can be written as 



with 



Its norm is given by 



|«i> = {o,^(p) + 0jf ) (p), 0,0,0,...} 
< (P) e 8 (V+) , f# (p) g 5 (vH 



(103) 



$i) = / dp 



1 



+ / dp 



2vrV2po 
m 1 



2vrV2^ 

The gauge condition (d^h^ (x))~ = 0, reads 

Pa^o) Op) = • 



^T(p)<i,(p)«(p) 



(104) 



(105) 



Using (|105|) ^, one sees that the massless part of the state <f>^ (p) does not contribute to 
the norm, and is indeed unphysical. 

Again the norm involves only a projection on the massive part of the state, and reads 



<$i| $i) = 4 / dp 



1 



with 



p(p)pua/3 ^ _ 1 | ^pM" _|_ p^pva^ _ p^v pa/3 



+ - 



2ji 



gHavpv/3 + ^ ^ ^ + ( Q ^ 



Pct 



^ (P) (P) = ^ (P) , ^ GO = ^fcl (P) 



(106) 

(107) 
(108) 



3 and 



0(0)" (p) [277^7^,3 ~ (Vp.<*VvP + Jfa/JJ^a )] 0" o * (p) = 



(0) 



= 2(p) 2 



'(0) 



^ (0(o°) (P) <o 2 ) (P) + <o) (P) 0(o°f (P)) 

W (P)^0)(P) + ^0)(P)^0) 2 (P)) 
0*oT (p) [Vn<*S V 0„ + (ji + (a <-> /3)] p CT <?!>^ (p) = 
^ (p) ^ 0)A (p) - (p) ^ 2 )A (p)) 



Po 



14 



We can therefore conclude that physical states have mass |/i| and polarization given by the 
eigentensor of the projector P/^ a p (p) with non-vanishing eigenvalue. 

Solving explicitly the eigenvalue problem for the projector ( |107| ), and taking care of the 
infrared behavior of the eigentensor, one obtains 

/ p\ — /i 2 p°p 1 — i[ip 2 p°p 2 + ifip 1 \ 



/""GO" o.,2 



1 



(p°p 1 — i^p 2 ) 2 (p°p 1 — ifxp 2 ) (p°p 2 + i^ip 1 ) 

p"p L - Ifijf g 2 2 2 

Po — A* Po - A 4 

n 9 i (p°p 1 — iup 2 ) (p°p 2 + iup 1 ) (p°p 2 +iup 1 ) 2 

p u p z + ifip 1 OT 2 _ , 2 TZ~2 



with the normalization 



Po ~ A* Po _ A* 

(109) 

r Q/3 (p)/ a/3 (p) = l • (HO) 



This is the infrared well-defined polarization tensor that has to be used in any perturbative 
computation. This eigentensor has the following important properties 

P {fl)f * u a p(p)f af3 (p) = f flU (p) , (HI) 

P»r(p) = a, (112) 

f% (P) = , (113) 
(p) j*«/3 ( p ) = pW^ (p) . (114) 



One can verify that the contribution of the eigentensor ( pL09[ ) to the norm is positive. 

Summarizing, the normalized physical one-particle states of topologically massive grav- 
ity are 

|*/i) = {0 J -7r v ^o(p)/ a ^(p), 0,0,0,...} , (115) 

where a(p) is an arbitrary scalar function defined on and such as / d 2 p\a (p)\ 2 = 1. 
This plays the role of one-particle wave function. 

Note that the eigentensor of gravity is the tensorial product of two eigenvectors of 
electrodynamics : 

r u (p) = r(p)r(p) ■ (H6) 

Mathematically, this stems from the fact that on one has 

p(M)W (p) = 1 (pMfia (p) p(n)»P (p) + p(MW (p) pMua ^ _ ( n7 ) 

Physically, the two theories essentially differ in the spin representation to which they cor- 
respond. Since the spin is a scalar quantity in 2+1 dimensions, and since the two theories 
correspond to representations of the Poincare group which are related by a tensorial product 
(as expected ||]), the spin of the graviton will be twice that of the photon. We shall show 
explicitly in the next section that the states constructed above satisfy this property. 
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5 Observables 



The last step in the analysis of the two theories is to extract the physical properties 
of the states. This is readily done by expanding the fields in normal modes and defining 
creation and annihilation operators for the physical states. 

We start by observing that a field satisfying the equations of motion can be expanded 
in normal modes in a completely general way, once the Wightman function of the theory is 
known. In fact, one can write 



0« (a 



d 3 p 
W 2 



W®V) (p) a (j) (p) e~ ipx + (p) a+ } (p) 



(118) 



According to the spectral theorem, the Wightman function can always be written as 

N 

W m) {p) = 27t9{po)Y / ^(p 2 - ^1) M^^(p) , (119) 

n=l 

where the p n have the dimension of a mass, theAf-Wk') (p) are hermitian matrices and N 
is the number of massive and massless excitation of the theory []. The field expansion can 
then be written as 



N 



71=1 



0(0 (x) = ^ / dp' 1 " [M^W^ (p) ag (p) e" ipx + M^W^aJf* (p) e ipx 



(120) 



Using the eigenvectors of the iV matrices M^ n ^^ (p), defined by the eigenvalues problem 



M^ U) (p) /ft W (P) = Agf (p) /{f W (p) , p G y+ , 
and normalized to [] 



121) 



(122) 



the expansion finally reads 



A? 



71=1 



a(5 (?) re (p) w w e_ip1 ' + a 5f n w ^r w w e 



f*Mn(«) 



(123) 

The explicit action of the operators aj^J [<p] and [¥>] on the states can be deduced 



from that of the fields; the smeared operators 

«E m = J d2 p a ik] (p)^(p) = Ofi'v) > 

4f" M = / d 2 pa^ (p) ^* (P) = (a+f», p 



(124) 
(125) 

7 As already seen, in both our cases we have fii = and )j,2 = M- 

8 Since the internal field metric jjWW ; s no t in general positive defined, one has to consider both signs. 
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act like 



(m)...(n„) 



(Pl,-,Pn) = 



_ , ^V^Po A ,( m )...(/i m _i)( Mm+ i)...( M „) , x 

— ^ i— 2~i ( Pn-l \Plt ■■■iPm—l-iPm+li ■■■■iPn) 

V n m=l 



la 



/g (/lm) (Pm)^(Pm) , 



Ok m 



(/il). ..(//„) 



=±^/^n y 



(pi, ...,p n ) = 

A E (p) 



op »7[k][fc] 



A S (p) 



■>[fc](j) VPJ Pn+1 



(»)(Ml)-(/*n) 



(p,Pl,...,Pn)¥>(p) 



It then follows that the unsmeared operators act like 

(Ml). --On) 



(Pi, -,Pn) 



i 27r V^P0 ,(/ii)...(// m -i)(^ m+ i)...(/i„) / n 

— ± 7= — 2^ n -l IPl) ■■■■>Pm-l,Pm+l, —,Pn) 

V n m=l 

f^ m) (Pm)S 2 (p-p m ) , 



A K (Pm) 



(/ii)...(/i„) 



, V n + 1 



(Pl,-,Pn) 
X [k] (P) 



A E (p) 



The commutation relations of aj^j 



and o " 



are 



±5 r ' 



A f£] W 



y d 2 p(p(p) x* (p) 



which imply 



A ltT (p) 



A £] (P) 



<HP-£) , 



^T^^m (^ = kr(p)>4r (^) 



[fe] 



"[/] 



(126) 



(127) 



(128) 



(129) 



(130) 
(131) 

(132) 
(133) 



Thus, at? 71 (p) and aj^J (p) are creation and annihilation operators for the states of mass 
\n n \ and polarization (p). The physical Fock space can be constructed by the cyclic 

action of a^ n (p) on the vacuum. 
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In the next subsections we shall compute, on the physical states, the mean- values of the 
Poincare charges 

P» = J d 2 xT^ , = J d 2 xM°^ u , (134) 

and of the Pauli-Lubanski scalar, which defines the spin through 

S = -^-£ aflu P a M^ . (135) 
2 \fj,\ 

Then, by means of the algebra ( [L32D , ( |133| ), we shall verify that the Poincare is satisfied on 
the space of the physical states. 



5.1 Electrodynamics 

The physical field is 



A) ( z ) = V2 / dp \a (p) /" (p) e~ ipx + a + (p) /*" (p) e ipx 



From the properties of f p (p), one obtains for the physical field 



Af ( x )-h^d a A f B (x)=0 



d^Af (x) = , 

so that the physical excitation has Klein-Gordon dynamics 



(□ + /x 2 )^ (x) = 



(136) 

(137) 
(138) 

(139) 



The complete Poincare generators contain terms depending also on the unphysical com- 
ponents (the massless and the massive with vanishing norm) of the field. Our analysis 
enables to select only the physical part of the Poincare generators, which are given by 



d 2 pp^a + (p) a (p) 



Mf = £V / d 2 p 



d 



« + (?) I -7T7^ I a (?) + O a+ (P) a (P) 



2 89 



M' 



/ 



tP) + / d 2 p 



a + ( p ) IpOflt (p) + 



1 



£\p k a + (p)o(p) 



and satisfy the Poincare algebra. 
On a physical state 



one has 



\* fl {k))=a+{k)\* fQ ) , 



($ fl (k)\P?\$ n (k)) = k» , 

<<&/i(*0|S/l<W*)> = O . 

I Pi 



(140) 
(141) 
(142) 

(143) 

(144) 
(145) 
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Therefore, a + (k) creates a photon with mass \fj,\, four-momentum spin A and polar- 
ization / M (k). This is the physical excitation of the theory already found in Ref. |J. 

It is important to stress that the algebra realization exhibited in this paper, is the 
only one compatible with the closure of the Poincare algebra. The phase choice performed 
in Section 4, not only makes the polarization vector infrared well-behaved, but it is also 
the phase choice that allows the Poincare algebra to close. If we did not include the 
regularization phase in the definition of the f^(p), the Poincare algebra would present 
the well-known anomaly obtained in ||. In fact the generators become 



d 2 pp^a + (p) a (p) 



MV = £ ij / d 2 pa + (p) 




a(p) , 



Mf 



tP) + j d 2 p 



a+ (p) I ~P°d l « (p) + — — a+ (p) a (p) 

^ I P Pm 



and the Poincare algebra acquires the anomaly 

A = 2vr^ 2 5a+(0)a(0) 

in the commutator of two boosts 



Mj\M / 



-i ( M ; / - £ ij A 



(146) 



(147) 



(148) 



(149) 



(150) 



Consequently, in any phenomenological computation, if we want a true representation of 
the Poincare algebra, we need to use the polarization vector 



5.2 Gravity 

The physical field is 

hf (x) = 



dp^ a (p) (p) e~ ipx + a + (p) f*^ (p) e 



rpx 



From the properties of f^ v (p) follow the properties of the physical field 

hf (p) - ±- [£^d a h ff3 » (x) + S^dahff," (a 

dphf (x) = , 
h% (x) = , 

and the physical excitation has Klein-Gordon dynamics 

(p + f) hf(x)=0 . 



(151) 

(152) 

(153) 
(154) 

(155) 



The physical Poincare generators are those of the electrodynamic case, except for a 
factor two in the spin terms. The Poincare algebra is satisfied and a + (k) creates a graviton 
with mass four-momentum k^, spin 2A and polarization f^ v {k) Q. As before, the 
spin dependent phase choice performed in Section 4, to regularize the infrared behavior of 
the polarization tensor, allows the closure of the Poincare algebra. 
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6 Conclusion 



The detailed analysis of the free quantum states of the topologically massive theories 
performed in this paper, has provided us with the explicit form of the one-particle states 
for these theories. We have shown that the states are infrared well-behaved representations 
of the Poincare group with the well known values for the physical charges (mass and spin) . 
These states define the polarization vector and tensor needed in phenomenological compu- 
tations. The phase, regularizing the infrared behavior of the physical states, allows also for 
the closure of the Poincare algebra on the physical states. 

The derivation of the electro dynamical physical states might have relevant consequences 
on the knowledge of the bound-state spectrum of the theory. In particular the existence of 
photon-fermion bound-states suggested in Ref . || , might be proved by the analysis of the 
effective non-relativistic fermion-photon potential. In fact, the inclusion of the regularizing 
phase in the photon polarization vector, simplifies dramatically the angular dependence of 
such a potential. We shall discuss how the regularization phase affects the bound-state 
spectrum of the theory in a forthcoming paper [17|. 

For gravity it would be interesting to compare our results with an analogous treatment 
of the gauge theoretical first order formulation 0. The comparison of the free quantum 
states of the two theories might provide important informations on the relation between the 
first order and metric gravity at the quantum level. 
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